Non-local boundary conditions for Euclidean quantum gravity are proposed, consisting of an integro-differential boundary operator acting on metric perturbations. In this case, the operator P on metric perturbations is of Laplace type, subject to non-local boundary conditions; by contrast, its adjoint is the sum of a Laplacian and of a singular Green operator, subject to local boundary conditions. Self-adjointness of the boundary-value problem is correctly formulated by looking at Dirichlet-type and Neumann-type realizations of the operator P , following recent results in the literature. Some promising developments are hence in sight, including, in particular, the attempts to obtain a non-local formulation of Euclidean quantum gravity.
The last decade of efforts on the problem of boundary conditions in (one-loop) Euclidean quantum gravity has focused on a local formulation, by trying to satisfy the following requirements:
(i) Local nature of the boundary operators [1] [2] [3] [4] [5] .
(ii) Operator on metric perturbations, say P , and ghost operator, say Q, of Laplace type [5] .
(iii) Symmetry, and, possibly, (essential) self-adjointness of the differential operators P and Q [4, 5] .
(iv) Strong ellipticity of the boundary-value problems obtained from the operators P and Q, with local boundary operators B 1 and B 2 , respectively [5, 6] .
(v) Gauge-and BRST-invariance of the boundary conditions and/or of the out-in (oneloop) amplitude [4] [5] [6] [7] [8] .
At about the same time, in the applications to quantum field theory and quantum gravity, non-local boundary conditions had been studied mainly for operators of Dirac type (see, however, Ref. [9] ), relying on the early work by Atiyah, Patodi and Singer on spectral asymmetry and Riemannian geometry [10] . What is non-local, within that framework, is the separation of the spectrum of a first-order elliptic operator (the Dirac operator on the boundary) into its positive and negative parts. This leads, in turn, to an unambiguous identification of positive-and negative-frequency modes of the (massive or massless) Dirac field, and half of them are set to zero on the bounding surface [8, [11] [12] [13] .
On the other hand, non-local boundary conditions for operators of Laplace type had already been studied quite intensively in the literature, from at least two points of view:
(i) The rich mathematical theory of pseudo-differential boundary-value problems, where both the differential operator P and the boundary operator B may be replaced by integrodifferential operators [14] .
(ii) Bose-Einstein condensation models, where integro-differential boundary operators lead to the existence of bulk and surface states [15] .
For example, if P is an operator of Laplace type, mathematicians have derived many properties of the boundary-value problem [14] P u = f in Ω,
(1)
where the boundary operator T can take the form
or, instead,
With this notation, one has [14] 
where ∂ n is the inward-pointing normal derivative. Moreover, T ′ 0 and T ′ 1 are integral operators going from Ω to ∂Ω, and the map S 0 acts on functions on ∂Ω.
In the case of the gravitational field, inspired by Eqs. (1)- (5), we consider a scheme where the differential operator on metric perturbations remains of Laplace type (as well as the ghost operator), whereas the boundary conditions are of integro-differential nature.
This means that the full boundary operator, say B cd ab , may be expressed as the sum of a local operator, say B cd ab , obtained from projectors and first-order differential operators [4, 5] , and an integral operator going from the background four-manifold, M , to its boundary ∂M , so that the boundary conditions read
This notation is a bit too general. We may decide, following DeWitt [16] , that unprimed lower-case indices refer to the point x and primed lower-case indices refer to the point x ′ .
This leads to
which is the form of the boundary conditions chosen hereafter.
Since we are concerned, for simplicity, with operators of Laplace type in a flat fourdimensional background (all curvature effects result then from the boundary only), it is very important for us to understand the effect of integro-differential boundary conditions on such a class of operators. For this purpose, following Ref. [14] , we remark that, after integration by parts, one finds the Green formula (unlike Ref. [14] , we define the Laplace operator with a negative sign in front of all second derivatives), for P = △, u ∈ D(P ), and v in the domain D(P * ) of the adjoint of P :
where the Green matrix reads, in our case [14] 
while ρ is the (Cauchy) boundary operator, whose action reduces to
The same property (9) holds for v ∈ D(P * ). Suppose now that the boundary conditions are expressed in the integro-differential form (3). The term Uρu, ρv Γ in Eq. (7), which is equal to Uρu, ρv
can be then re-expressed as
which implies that P * , the (formal) adjoint of P , can be obtained by adding to △ a singular Green operator, i.e.
supplemented by the local boundary condition
By contrast, if the boundary conditions (4) are imposed, which modify the standard Neumann case, it is convenient to re-express γ 1 u, at the boundary, in the form
and insert Eq. (13) into Eq. (10a). This implies that the adjoint of P now reads
subject to the local boundary condition
In other words, we are discovering a property which is known to some mathematicians, but not so familiar to physicists: if an elliptic differential operator (here taken to be of Laplace type) is studied with integro-differential boundary conditions, its adjoint is a pseudo-differential operator, subject to local boundary conditions.
Self-adjointness problems are properly formulated by studying the so-called realization of the operator P [14] . In our case, this means adding to the Laplacian a singular Green operator, and considering a trace operator which expresses the integro-differential boundary conditions. More precisely, a Dirichlet-type realization of P = △ is the operator
where
In our paper, the K i operators, for i = 0, 1, are completely determined by the requirement of self-adjointness. In technical language, they are called Poisson operators [14] . Indeed, the domains of B D and its adjoint coincide if and only if [14] 
Moreover, a Neumann-type realization of P = △ is the operator
The domains of B N and its adjoint are then found to coincide if and only if [14] 
In the case of the gravitational field, our boundary operator (6b) corresponds to the integro-differential trace operator (18). The local boundary operator B cd ab is taken to be the one for which the following conditions are imposed on metric perturbations on a 3-sphere boundary of radius a [2] :
where τ ∈ [0, a], and g ij is the unperturbed 3-metric. Equations (27)- (29) express, to our knowledge, the only set of local boundary conditions which are of Dirichlet type on h ij and h 0i , and for which strong ellipticity of the boundary-value problem is not violated [5, 6] .
Since we only want to modify the Dirichlet sector of such boundary conditions, which is expressed by (27) and (28), we have to require that (see (6b))
Thus, we eventually consider the operator
where S is of the type (18) in its ij and 0i components, i.e.
and of the type (29) (cf. Eq. (23)) in its normal component h 00 , i.e.
Moreover, △ is the standard Laplacian on metric perturbations in flat Euclidean 4-space, and G may be viewed as the direct sum of G D and G N (cf. example 1.6.16 in Ref. [14] ), with
subject to the self-adjointness conditions
Note that, by virtue of Eq. (30), the counterpart of T ′ 1 vanishes in our problem, and hence no counterpart of Eq. (24) has to be imposed. Further to this, the condition (25) is satisfied by virtue of the boundary condition (34).
The contribution of our letter consists of the proposal that the boundary conditions (6b) should be considered as a serious candidate for non-local boundary conditions in Euclidean quantum gravity; moreover, we have derived the self-adjointness conditions (37)-(41), inspired by a careful analysis of the results first derived in Ref. [14] . At least four outstanding problems are now in sight:
(i) Can one build explicitly a class of bulk and surface states in Euclidean quantum gravity with non-local boundary conditions, inspired by the work in Ref. [15] ? The idea is then to obtain mode-by-mode solutions of the eigenvalue equations for metric perturbations, and insert them into Eq. (6b) for a given form of T
. One then looks for solutions which decay rapidly away from the boundary (the surface states), or remain non-negligible (the bulk states).
(ii) Can one study heat-kernel asymptotics with non-local boundary conditions for the gravitational field? Such issues are very deep not only for technical reasons, since a better understanding of the fertile interplay between local and non-local formulations of quantum field theories appears quite essential to make progress in (Euclidean) quantum gravity.
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